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1 Instructions

I Muoxcimuom score is 100 poiats.

2. The deratica s 4 howrs

3. There are 3 growgm of questions with the number of points edicaterd in parenthosis
L Each group shouk] be nswered s & sopasaio paper shoet

5 Each puger should have your nsme in the top

6. The arswers should be written in & choar way'

2 Questions

2.1 CAPM (40 points)

L Ghwe the SDF M, ;. aml the gross return on s sebitrary ot R, 1 derive the
expectnd returaovainige repinesrtataon

2 Neorw coteider the SDF foe the CAPM.

My = a+ 8R40

mnu..hﬁpummmmM”MH&u..)-O The SD¥
reprosentation for R, ., s given by

| = E(-uul"uu)

By using the expresscn obtained in (1), find the ogeivalont expected roturn-beta
represctilation.
BRG] =y 4 A0,

where & i the market beta for mect i's return. and ¥ and A ase constants %o be
detet e



3. Assumne now the expectod (exone) noturn-beta reprosentation for the CAPM,

h

2.2

arolol' b “

where I, & 1he exove return for waet & 8, denctos the (exome netam) sarknt
bieta for sewat | aad A denotos the market price of ride  Dyorive the SDF reprosen-
tatxe

O = ﬂMOlKlOI)
Moy = ElM,) 0 MR

whete b is & comstant 1o be determined. and again aoume B{ Ry, i1) = 0 Can we
sdertiy E{ M, i) m this one”

Devive the relation betwoen the expected market retwrm snd the nospect ive warianon
Interprot your romsits,

Now ssame that BLUR ., 0] # 0 and alo ssume that theee is a rilk-Troe et with

grose return. Mg, Find an expresston for both @ and b as a function of BXR ., ).
Hygiy. and the variance of the market retam o,

Answer

. Startesg with the SDF procing equation for /2, . we obtain

1w MM Royps) o
P ow Cov{Min Roar) + BiRG ) BIM ) o0

| Con{Rio: Miss
ERow) * g%~ B

which reprosents the expected return-covariance representatios
2



2. The menn SDF s givem by
E{Ay ) = a + DE(RG. ) = a,

sand by wabntitutiog Mo,y < 0 ¢ Wi,y aad E(M, ) = a In the expocted returm.
covnrsanoe oqustion desieed @ (1), we obtain:

(“"(&ul Renszes)

1}
. l Vll'(hol’“lkuol Rasir)
l a Vﬂ&uol)
3+ M,

m&ul) _ pe ™~

Tl

¢ Aw OM n
1 = SO

3 By asuming ths
M"ntol)

R

and substituting i the beta oguation we obtais,

BARG, ) = A, &
e Var( R ) ConliT,., [ PNY |
AR = i) VelReges) &R
G" " - S
u'(nt) = =b lgou.“?‘ .' *» Q(®.‘~ p

0"&10 '%“) é"‘
BAR,0p) = ~ u,\;,,,] . :‘/'ﬁ y e

0= B{RS, ) FUM )+ Con|i,, . BAM, ) + “'-uul ©
0w BT, ) EAM, 5) + Con( T, 1 M 1) o0
0= u”ul’q"l)




which s the SDF prcung equation foe FCauy- woeld My w BAM )+ 8001 We

hsver
il E(M0)
Nar (R e 1)

aid Unes. EAM, o 5) b0 st Mo ifable s this ose

. By applying the beta equation to the ssarket scteen, and since the beta for the
market portiolio is ooe. wo howe
BARar) =74 A_i-‘\'_gt_k_._._.__.)‘

It folloms that

IBiRmsr) _ b
IVartlase) @

utdder the memmption that & < O The inteition i that a bigher market variance
twomess v covrianoe betwoen the SDF and the market meten if < 0. snd
that transhetes into o bigher expoctod ssarket rturn booanse Lhe aggregate poet fulio
olfees a higher roturn whes masginally stility is relatively Jow, that is, in good tioecs

5 The pricing equation for Ry,,, is given by

“ 0 4 bR 0] 690 o — = BE(Ruwsen).

Rlﬁol Jasd

mwsormu.auu...um‘.-w

1= Efo e bRy Rasni] = 0 Bl Rusar) + DELRE )
w aF{Rasii) + 8ok 4 FiRw, )l



by sulsatituting the expesalon for o detive] abose, we odgain

Lo | e = OBl Ruses)| ERused) + Mok + ElRusyal) 0

faer

n!ﬁu

ﬂ“-un - It red

ATy

b=

and Yy selezituting hack in the expeasion for a leads to

8 ':. 4+ B‘R_-_gu)lg&r‘u’ - R‘utl
Ryznod

2.3 Exponential utility (35 points)

Coaslddeoe a coo-poziod] sopeocstative investor with cxpoocntial utility
W) « Pt

where W represents woalth, There are two asscts In this cconomy o rky assct with
groms returm 8 oand n riskofroe oot with gross return Ry, The gross return on the
nvwstor’s portfoli s dosotal by iy o rpeossts the portfolio weight ve the risky seet
The matiad lovel of wealth i Wi and the woalth st the ond of the poriod s given Ly W,
Assume that the ridky sewct has expoctod retura of 4 and vanance of return of o The
lrvestor macimizes the expected wtility of wealth.

1. Detive the absolute ik aveesion relative risk sversion assoclatod with W, (6,), the
utility function in terses of By and the oguation for R, in tormes of tho individaal
elurmes.

2 Given tho axpeossicoas dorived in (1) defioe the investor's peoblan and derive the
optimal poctfolio weight o Interpeet your rosults.

3 Durive the CAPM beta squation i this coumcesy  [oterpret your reveits

)



4. Cousider now that there s & second risky asset with gross return, & The expeocted
return and variamos of Uhis ssset ar doscterd by ji ased 5% naguetindy. Awnne that
the two risky aoots are uncerialed  Dosote the portiolio weight os the secood
ot by O Determdae the mean variance optimal woights on the two risky amscts
for a target expected resurn of u, Intorpect your results

24 Answer

1. The alwolute risk svwesion s sgpeal to

a0y o

“the rolative risk mrrsion swociated with Wy & givens by

b = RRAW,) « WoARAIW,) « WA
the wiility Banction is terins of R, is

VW) = = o 0 o R
and the portfolio retanm b s follows

By By s B~ Ry)
2. he utility functson at Lo 1 can be rewritien s

U(W,) m e o o SIRprAR-Rl

ntd Lhe expected] wtility s given Ly

EUmw,)| = };(-,-sulr-ca-qu}
- —(’“W’*‘“f"'w‘



The invstor s problems s,

e S R Py

“:'MRI twlp - Ry) - ,;QJG‘.
wod the find aeder conditiom lends to the optimal portfolio weight:

bl = Ry) = Huo® =0

-R
o =L,

°mopnummmmutm.-n,.uamuu
hmhlhtdniwrﬂmmlh)ldl&mmvdmmy(o’).

3 Dymnuwigthtmh&vmhlm&b*.wcm

pn=By = bt

- & CoiR Rw

“ A&Cov(R wR)
b Cov[ It Rty + wlit = 12))]
“ b Cov(R Iy)

wikich ccrresponds to the CAPM comsinton equation with Ity v e evference (mar-
bort) proatfolio evturn. Sinee A, b wlways positive, we have that s weet Uhat covarios

Mvﬂl&mﬂbﬁnmnm&&}>thawmmm
nu=Ry>0

The corremponding bete cquation & given by

ﬂ-lf’-h\wm%“f-%?um

where A & & Var(1t,) desctes the mariet risk peion.
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and by wolstituting (o the foc for the finst most. we olanin the wpaimal welght

u-R
W = —;;JA <
- - R o N )
LTy

asud sargilasly tho optimal wosght for the mocesd soet & given by

-R
S 1. -
L ”(ﬁ-”;l’!g#(n-nll’

We can see that the optimal woight oo cach radky aect incremses with the own
riok prombens and the target monn portiolio rcturn. while it docreases with the risk
presam on the other aset. Similasly. the optimal weight decronses with the oun
warsaneoy. but incresses with the variance of the other aset

2.5 Consumption CAPM (25 points)

Let My be the gross rotars om an arbitrary asset ¢ By, the gross risk free Tate
and M, 1he SDF i thas coomomy. Assume that there is »o conditioning information
Assvooe that the loy return, bog risk-fve rate. amd log SDF are gives by vy rrpg, omd

"‘o MM‘

I. By sssuming that the returns and the SDF are plotly Jognomeal derive the ex.
pocted Jog oxomes return-cosariance representation of the sect pricing model aseo-
viatedd with the SDF. A, ,

2. Now meumo that the SDF & given by

U'Cn)

Mol - U"c.] .

whore U'(-) = the mangnal utiity of comsumption: £ is a time-preferonce parmmeter:
and the investor has log utility By wsing the pricing equation derived in (1),
derive the expocterd kg exoma nturn-covariance reprosertation for the consumption-



CAPM in this cue. What b U prrlioe of tisk fur the log comsamption beta? Tnterprot
sour posalta

26 Answer

1. The SDF ogeation for the risky st can bo witton ax

= B“ﬁolﬂuna, PEY

0 = ln (™= r*m0e)]
H Moy Riyyy soe jointly log noemal. it follows

0= B"'ﬂl +':..) * 05 Var ‘ﬂ... + f‘“.) <>
Elrge) ¢ 05 Var (rigee) = = BEimg) - ‘;v“'("‘oﬂ, ~ Carelmgey run)

and the comageading pricing oguation for the Jog rek-froe rate is given by
Frreq = - Kl = %VU(““)

By combining the previcus two ogeations we obtain the oxpected lug (exose)
ret urs-covatiance fepaessrtat o

BArasas) = Fpaon + 3 Var(ruays) = = Covimuys,ruani)

2 Wath U(Cy) = In(C), the SDF s given by

u"clol) o CQ
Min =85 " *Gn

nid the corvesponding kg SDF =

et = In(6) = I ( 4t ) = 1a46) - ey



by wobetituting in the graeral covarinsce oguation derived in {1) we obtaln

Elrises) = Fiams 4 3 Varrns) = Covirusss S
- MMMW

where B, w Covirisey, 8. )/ Var{8o) is the comemption beta. s this venioo
of the comsssmption-CAPM, the crasiance price of risk bs cne and the bota price
of rok b the vasiance of kg consunption growth This roprosonts a spocial case of
the consumption CAPM with power wtity



4, The peublem b
wu’a”;’&'
St guy e By 4 wlyn = Ry) » O~ By,
the Lagrnge fenction s given by
= a4+ P+ Vi, = My = e = Ry) = S0 - Ry

where A s the Lagrange maltipher

It follows that the foc for the et risky st =

M'-'))(n-"ﬁ-ﬂﬂ
-“l,\

& N

and stmilarly Sor the seconnl risky soet

LBty
#’4\

By sulstituting back is the comstrnum we oblass an expeosson for the Lagrange
multigpher,

- R h-Ry. .
My = Mg t;‘»l.\(n - Ry ‘!‘—rm‘Mp - fy) e
- L :
I(ﬂ f” (n u,) ] =

Vo= Ry =

Aw
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